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Abstract: Early researchers reported that for hinged-hinged beam, two distinct natural frequencies correspond to the
same spatial mode shape and that it establish the existence of a second distinct frequency spectrum. This phenomenon
was received the terminology of the "Second Spectrum of Timoshenko Beam". However, some investigators reported that
the single frequency spectrum interpretation has the same sets of frequencies calculated from the "two spectra". The
objective of this paper is to provide an analysis of the solution of Timoshenko beam equations for higher modes and
discuss their complex dynamical behavior. A numerical example presented in literature is re-examined.
Keywords: Timoshenko Beam, Second Spectrum, Vibrations

1. INTRODUCTION

Deflection of beams has interested the human since the century XVII. According to Timoshenko (1953), the first
deflection studies were claimed by the Bernoulli family. Jacob Bernoulli (1654-1705) and John Bernoulli (1667-1748)
were responsible for beginning of the study of beam deflection and the developing of the principle of virtual displacement,
respectively. The John’s son, Daniel Bernoulli (1700-1782), continues the study of his uncle and was advisor of Leonhard
Euler (1707-1783). With the suggestion gave by his advisor of applying the variational calculus to derive the equation
of the deflection curve, Euler formulated in 1744 the Euler-Bernoulli beam also known as the classical theory. Euler-
Bernoulli beam theory initially included only prismatic beams. By deducting of Navier (1785-1836) about the neutral
axis, there was the generalization to not prismatic beams since that kept the symmetrical cross section. However, the
results of the classical theory were not very accurate for the real problems. Saint Venant (1797-1886) noticed that the
initial conditions for the beam problem needed to be reformulated, because due increasing thickness, the plane sections
do not remain plane and perpendicular.

The next step in the beam theory was given by John William Strutt (1842-1919), known by Lord Rayleigh, which in
1877 tried to resolve the inaccuracy noticed by his advisor, Saint Venant, considering the influence of the rotary inertia.
That theory was named of Rayleigh beam. Due to that new formulation occurred a slight improvement in the results
for thick beams. Stephen Timoshenko (1878-1972) realized that it was necessary to considerate the shear deformation
contribution for the formulation to become closer to reality. Beam theory with both contribution of rotary inertia and shear
deformation was initially proposed by Timoshenko (1921). The results of that formulation were more accurate for thicker
beams than the theories developed previously by Euler and Bousquet (1744) and Rayleigh (1877). However, this beam
model opened space for new mathematical discussions. In 1931, Goens (1931) studied the free-free case and obtained
the solution of the differential equation of motion in terms of hyperbolic and sinusoidal terms. In his conclusion, he
noticed that from a critical frequency the hyperbolic term became sinusoidal and because of this, changes in the vibration
mode were expected. Traill-Nash and Collar (1953) found the governing equation of dynamic motion and the frequency
equations for some boundary conditions. In their research, they observed the presence of a new spectre of frequency for
free-free and hinged-hinged cases. In 1953 and 1954, Anderson (1953) and Dolph (1954) confirmed the results obtained
by Collar.

Second spectrum was discussed during the following decades. Many scientists looked for evidences and tried to
understand the physical meaning of this phenomenon. The second spectrum was characterized as a group of frequencies
that has the same mode of vibration obtained for lower frequencies. Huang (1961) published the frequency equations and
mode of vibration for the classical boundary conditions, but he did not make any comment about the second spectre. In
this same year, Vlasov (1961) published his studies about tubular cross section beams of thin wall considering the inertia
rotary effect, but without mentions about the second spectre. In 1973, Tobe and Sato (1973) looked for evidences of
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second spectre in short cantilever beams. In their conclusions, they found difficulty in classifying the frequencies of the
two distinct spectra. Thomas and Abbas (1975) were the first to analyse the Timoshenko beam by finite element method.
They concluded that the second spectrum only exists for hinged-hinged case. Downs (1976) analysed and concluded that
the shear and bending deformation were in phase for modes below the critical frequency, while for modes above this
frequency, these deformations were not in phase. This analysis was important for the conclusions of Levison and Cooke
later.

In the early 80, Hathout et al. (1980) and Bhashyam and Prathap (1981) concluded that the second spectre of frequency
exists for any boundary conditions both in damped systems as in undamped. The demonstration of these researchers was
questioned by Levinson and Cooke (1982). Levison and Cooke concluded that there was no need of the nomination for the
phenomenon of two pairs of natural frequencies above the critical frequency for hinged-hinged beams, because through
their analysis, they proved that the pairs of vibration mode only were different for distinct frequencies. In their article,
they explained better the physical meaning of this phenomenon. The conclusions of Cooke were confirmed by Han et al.
(1999) and Stephen (2006). Both observed that this phenomenon also occurs for beams with sliding support ends. In
this work it will be presented the formulation of Timoshenko for hinged-hinged and sliding-sliding boundary conditions
and one example to discuss the phenomenon of two pairs of natural frequencies that occurring in hinged-hinged beam for
values above the critical frequency. The results will be compared to Cooke’s work and from them conclusions will be
made.

2. FORMULATION OF TIMOSHENKO BEAM THEORY

The coupled differential equations of motion from Timoshenko beam theory are (Timoshenko, 1921):

EI
∂4v

∂x4
+ ρA

∂2v

∂t2
− EIρ

κG

∂4v

∂x2∂t2
− ρI ∂4v

∂x2∂t2
+
ρ2I

κG

∂4v

∂t4
= 0, (1)

EI
∂4ψ

∂x4
+ ρA

∂2ψ

∂t2
− EIρ

κG

∂4ψ

∂x2∂t2
− ρI ∂4ψ

∂x2∂t2
+
ρ2I

κG

∂4ψ

∂t4
= 0, (2)

where E is the modulus of elasticity, I is the moment of inertia, ρ is the mass density of the beam, A is the area of the
beam section, κ is the shear coefficient, G is the shear modulus, v is the transverse deflection and ψ is the rotation of the
beam section. Admitting that the beam is excited harmonically with a frequency f and:

v(x, t) = V (x)ejft, ψ(x, t) = Ψ(x)ejft and ξ =
x

L
, (3)

where V (x) is a normal function of v(x, t), Ψ(x) is a normal function of ψ(x, t), j =
√
−1, ξ is the non-dimensional

length of the beam and L is the length of the beam. Substituting the above relations into Eq. (1) through Eq. (2) and
omitting the common term ejft, the following equations are obtained (Soares and Hoefel, 2015):

∂4V

∂ξ4
+ b2(r2 + s2)

∂2V

∂ξ2
− b2(1− b2r2s2)V = 0, (4)

∂4Ψ

∂ξ4
+ b2(r2 + s2)

∂2Ψ

∂ξ2
− b2(1− b2r2s2)Ψ = 0, (5)

where

b2 =
ρAL4

EI
f2, r2 =

I

AL2
, s2 =

EI

κAGL2
and f = 2πω. (6)

Here, r2 and s2 are the coefficients associated with the effect of rotatory inertia and shear deformation, respectively,
f is the angular frequency and ω is the natural frequency (Wang, 1970). The analytical solution of Eq. (4) and Eq. (5) are
given by transcendent functions, given by:

V = c eλ ξ and Ψ = c eλ ξ. (7)

Substituting the Eq. (7) and its derivatives into Eq. (4), is obtained that:

λ4 + b2 (r2 + s2)λ2 − b2(1− b2 r2 s2) = 0. (8)

Equation (8) has four roots λ, of which two are always imaginary, while the other two are real or imaginary depending
on the frequency f . They are real when the frequency f is less than the critical frequency fc and are imaginary when the
frequency f is greater than the critical frequency fc . This cutoff frequency is given by:

f2c =
κGA

ρI
. (9)
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Downs (1976) discussed the case f2 = κGA/ρI and identifies the motion for this case as a shear oscillation without
transverse deflection. When f = fc, the modal shapes are called shear mode. So, two cases must be considered: when
f < fc and f > fc (Han et al., 1999). In the first case,[

(r2 − s2)2 +
4

b2

] 1
2

> (r2 + s2). (10)

Therefore, the solutions of Eq. (4) and Eq. (5) are given by Huang (1961):

V = c1 cosh(α1 b ξ) + c2 sinh(α1 b ξ) + c3 cos(β b ξ) + c4 sin(β b ξ), (11)
Ψ = c1 sinh(α1 b ξ) + c2 cosh(α1 b ξ) + c3 sin(β b ξ) + c4 cos(β b ξ), (12)

where

α1 =
1√
2

√
−(r2 + s2) +

√
(r2 − s2)2 +

4

b2
and β =

1√
2

√
(r2 + s2) +

√
(r2 − s2)2 +

4

b2
.

The constants of Eq. (11) and Eq. (12) are related as follows:

c1 =
(α2

1 + s2)b

α1L
c1, c2 =

(α2
1 + s2)b

α1L
c2, (13)

c3 = − (β2 − s2)b

βL
c3 and c4 =

(β2 − s2)b

βL
c4. (14)

Note that the equations Eq. (11) and Eq. (12) depend on trigonometric and hyperbolic functions, due to the nature of
the roots defined by the condition Eq. (10). For second case,[

(r2 − s2)2 +
4

b2

] 1
2

< (r2 + s2), (15)

the solutions of Eq. (4) and Eq. (5) are given respectively by:

V = c1 cos(α2 b ξ) + c2 sin(α2 b ξ) + c3 cos(β b ξ) + c4 sin(β b ξ), (16)
Ψ = c1 sin(α2 b ξ) + c2 cos(α2 b ξ) + c3 sin(β b ξ) + c4 cos(β b ξ), (17)

where

α2 =
1√
2

√
(r2 + s2)−

√
(r2 − s2)2 +

4

b2
.

The constants of Eq. (16) and Eq. (17) are related as follows:

c1 =
(s2 − α2

2)b

α2L
c1, c2 =

(α2
2 − s2)b

α2L
c2, (18)

c3 =
(s2 − β2)b

βL
c3 and c4 =

(β2 − s2)b

βL
c4. (19)

This case occurs for higher frequencies ( f > fc ) and it will be the main topic of this work. Different of the first
case, the equations Eq. (16) and Eq. (17) depend only on trigonometric functions, since the condition Eq. (15) has only
imaginary roots.

3. FREQUENCY EQUATIONS

Considering a hinged-hinged beam, the boundary conditions are given by:

V (0) = 0, Ψ′(0) = 0, V (1) = 0 and Ψ′(1) = 0. (20)

Applying the boundary conditions Eq. (20) and the constants obtained in Eq. (18) and Eq. (19) in the Eq. (16) and
Eq. (17), it is possible to determine the frequency equation. For matrix form, sin(α2b) sin(βb)

−(α2
2 − s2)b2

L
sin(α2b)

−(β2 − s2)b2

L
sin(α2b)


c2
c4

 =

0

0

 . (21)
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For a non-trivial solution, the determinant of matrix sines at Eq. (21) must be equal to zero. Therefore, is obtained the
frequency equation which is given by (Levinson and Cooke, 1982):

sin(α2 b) sin(β b) = 0. (22)

Equation (22) is satisfied in two situations: sin(α2 b ) = 0 and sin(β b ) = 0. Solving the Eq. (16) and Eq. (17) for
the situation that sin(α2b) = 0 are obtained that:

V = c2 sin(α2 b ξ) and Ψ = c2
(α2

2 − s2)b

α2L
cos(α2 b ξ). (23)

Similarly, for the situation that sin(βb) = 0,

V = c4 sin(β b ξ) and Ψ = c4
(β2 − s2)b

βL
cos(β b ξ). (24)

Assuming that (f < fc) the frequency equation for hinged-hinged beam is given by (Huang, 1961):

sin(β b ) = 0. (25)

Considering a sliding-sliding beam, the boundary conditions are given by:

Ψ(0) = 0, κGA

(
Ψ(0)− ∂V (0)

∂ξ

)
= 0, Ψ(1) = 0 and κGA

(
Ψ(1)− ∂V (1)

∂ξ

)
= 0 (26)

Applying the boundary conditions Eq. (26) and the constants obtained in Eq. (18) and Eq. (19) in the Eq. (16) and
Eq. (17), is acquired the matrix


(s2 − α2

2)b

α2L
sin(α2b)

(s2 − β2)b

βL
sin(βb)

α2b sin(α2b) βb sin(βb)


c1
c3

 =

0

0

 . (27)

Similarly to the hinged-hinged case, is obtained the frequency equation which is given by:

(β2 − α2
2)s2

α2β
sin(α2b)sin(βb) = 0. (28)

Traill-Nash and Collar (1953) first claimed the existence of double eigenvalue for hinged-hinged boundary conditions
for f > fc. They noted that modes shapes given by Eq. (24) are similar to Eq. (23). Due to this phenomena the
frequencies found were separated in two distinct spectra: the first spectrum which is represented by sin(βb) = 0 and the
second spectrum which is represented by sin(α2b) = 0. However, Downs (1976) noted that mode shapes of each spectra
of frequencies although similar are distinct, because deformations due to shear and deflection are of the same phase and
are summed to give the total transverse deflection for f < fc, while for f > fc the shear and bending deformation are
opposed with the net transverse deflection equal to their difference as can be observed in Fig. 1.

@V

@ξ
θ

Ψ
Ψ

θ

@V

@ξ

a)Ψ = θ + @V

@ξ
b)Ψ = θ −

@V

@ξ

Figure 1: Free vibration of Timoshenko beam: (a) f < fc ; (b) f > fc.
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4. NUMERICAL EXAMPLE

Consider a hinged-hinged beam of rectangular cross section (Fig. 2) such that L = 0.5m, H/L = 0.25, k = 5/6,
E = 210GPa, G = 80.8GPa and ρ = 7850 kg/m3. Replacing theses values at inertia rotary and shear deformation
factors, it has r = 0.0722 and s = 0.1275.

L

Figure 2: Hinged-hinged beam.

This example was presented by Levison and Cooke in 1982. Their results can be checked on the Tab.1, while the
values obtained in this work are on the Tab.2. Both Tab.(1-2) provides the first 15 natural frequencies of this beam: the
first ten frequencies from the first spectrum, the first five frequencies from the second spectrum, and the shear mode
frequency. The calculus of the frequency equation roots was used False Position method.

Table 1: Natural frequencies (rad/s) obtained by Levison and Cooke.
1st spectrum Frequency critical frequency Frequency 2nd spectrum

1 6712
2 22136
3 40701
4 60170

Shear Mode 65851
5 79806

89077 1
6 99375

108044 2
7 118812

132212 3
8 138112
9 157287

158992 4
10 176356

Table 2: Natural frequencies (rad/s).
1st spectrum Frequency critical frequency Frequency 2nd spectrum

1 6712
2 22137
3 40705
4 60177
5 79816

Shear Mode 81164
89091 1

6 99389
108057 2

7 118830
132224 3

8 138134
9 157313

159003 4
10 176385

187311 5

Analyzing the Tab.1 and Tab.2, it can be noticed two disagreements: the difference between the shear mode values and
the position of the fifth natural frequency ω5 for the first spectrum. A typographic error appear to be present in Levinson
and Cooke (1982), for the shear mode value, which do not appear to have been noted in the literature.

Figure 3 through 5 are shown the firsts four modal shapes for hinged-hinged beam. Observe that the frequencies
obtained by Eq. (23) and Eq. (24) can be ordered and are not repeated, although these two frequencies are very close
together. In the Fig. 3 are presented the four modal shapes for the "first spectrum" and for the "second spectrum". The
first plot of Fig. 3 are given by Eq. (24) for the first four frequency values below critical frequency ( f < fc ) in Tab.
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2, while the second plot are given by Eq. (23) for the frequency values above critical frequency ( f > fc ) for "second
spectrum". Notice that although wave forms presented are similar, they are distinct because deformations due to shear
and deflection are of the same phase when f < fc and are out of phase when f > fc as presented in Fig. 1.
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Figure 3: Modal shapes for frequencies below critical frequency.

Figure 4 and 5 presents the first four modal shapes for f > fc on "first spectrum". Mode shapes are obtained for
frequencies presented in Tab. 2. Note that the first mode shape occurs for f7, the second for f9, the third for f11 and
fourth to f12 (these indexes correspond to the frequencies for each modal shape).
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Figure 4: Modal shapes for frequencies above critical frequency.

Figure 6 presents the mode shapes for Eq. (23) and Eq. (24) when f = fc. Levinson and Cooke (1982) observed
that shear mode plot was misunderstood by early researchers as we can see in the first plot on Fig. 6. In fact, particulars
normalizations mask the phenomena and give the casual impression that the shear mode frequency does provide such a
boundary between lower and higher frequencies.

5. CONCLUSIONS

This article discusses the existence of a phenomenon known as the second spectrum. A brief literature review was
presented and frequency equation governing the free vibration of Timoshenko beams is then derived for sliding-sliding
and hinged-hinged boundary conditions. A numerical example of a hinged-hinged beam of rectangular cross-section
considered by Levinson and Cooke was re-examined. Is convenient, therefore, to use the terminology of a single frequency
spectrum for the simply supported Timoshenko beam since the eigenvalues can be computed in serial order. However, for
the computation and the relevant literature the "second spectrum" terminology can be maintained.
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Figure 5: Modal shapes for frequencies above critical frequency.
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Figure 6: Modal shapes for shear mode.
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